Introduction {#Sec1}
============

In Operational Research domain, Multiple Criteria Decision Making (MCDM) is a scientific field which tries to represent the preferences of a Decision Maker (DM) over a set of alternatives evaluated on a set of criteria often contradictory. To represent a preference information of a DM, allowing some dependencies or interactions among criteria, a 2-additive Choquet integral model, a generalization of the well-known arithmetic mean, is usually elaborated.

The 2-additive Choquet integral is a particular case of the Choquet integral \[[@CR1]--[@CR3], [@CR7]\], an aggregation function based on the notion of capacity or fuzzy measure. The identification of the capacity leads to the computation of two important parameters of the 2-additive integral model: the interaction index \[[@CR10]\] related to only two criteria and the importance of each criterion (corresponding to the Shapley value \[[@CR12]\]).

We assume that the DM can expresses his preferences through two binary relations on the set of alternatives: a strict and an indifference preference information. There exist some characterization about the representation of such information by a 2-additive Choquet integral, especially when the set of binary alternatives is considered \[[@CR6], [@CR7], [@CR9]\]. A binary action is a fictitious alternative which takes either the neutral value $\documentclass[12pt]{minimal}
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Under these hypotheses, we try to analyze, in this paper, the comparison of the importance index of two given criteria. To do so, we introduce the notions of necessary and possible importance relations among two criteria. A criterion *i* is possibly more important than criterion *j*, if there exists a compatible 2-additive capacity, representing the preference information given by the DM, such that the Shapley value associated to *i* is greater than the one associated to *j*. If this conclusion is made for all the compatible capacities, then *i* is judged necessarily more important than *j*. The concept of necessary and possible relations were introduced for the alternatives in a robust ordinal regression approach \[[@CR5]\], and extended for the interactions indices in the 2-additive Choquet integral model \[[@CR9]\]. We give also some sufficient conditions in order to obtain a necessary importance relation among criteria, in the framework of binary alternatives.

The paper is organized as follows. The next section presents the basic material we need on the 2-additive Choquet integral. The new notions of necessary and possible relations among criteria are introduced in Sect. [3](#Sec3){ref-type="sec"}, after a motivating example based on hospitals rankings, in a real-world situation. Our results are presented in Sect. [4](#Sec6){ref-type="sec"} and we end the paper by giving some perspectives of this work.

A Choquet Integral w.r.t. a 2 Additive Capacity {#Sec2}
===============================================
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The notion of interaction among criteria is more simple and understandable, in MCDA, when it concerns only two criteria. That is why the Choquet integral w.r.t. a 2-additive capacity \[[@CR6], [@CR7]\], also called 2-additive Choquet, was proposed in order to take into account the type of interaction between two criteria. This aggregation function, considered as a fuzzy integral, is based on the concept of *capacity or fuzzy measure* $\documentclass[12pt]{minimal}
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We associate to each capacity another set function called the *Möbius transform* $\documentclass[12pt]{minimal}
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Equation ([2](#Equ2){ref-type=""}) proves that the 2-additive Choquet integral is a generalization of the weighted sum. Indeed, when there is no interaction among criteria, the Shapley value $\documentclass[12pt]{minimal}
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The Importance Relation Among Criteria Is Not Stable {#Sec3}
====================================================

A Motivating Example {#Sec4}
--------------------

Let us consider eight hospitals (see Table [1](#Tab1){ref-type="table"}), specialized in weight loss surgery[1](#Fn1){ref-type="fn"}, and evaluated on four criteria given by the French magazine "Le Point[2](#Fn2){ref-type="fn"}" \[[@CR8]\] (see their evaluations in Table [1](#Tab1){ref-type="table"} below):*Criterion 1 - Activity*: number of procedures performed during one year. Since a hospital has a good score on activity then its teams are more trained and often have good results. Therefore this criterion has to be maximized.*Criterion 2 - Notoriety*: It corresponds to the reputation and attractiveness of the hospital. It is a percentage of patients treated in the hospital but living in another French administrative department. The more the percentage increases, more the hospital is attractive.*Criterion 3 - Average Length Of Stay (ALOS)*: a mean calculated by dividing the sum of inpatient days by the number of patients admissions with the same diagnosis-related group classification. If a hospital is more organized in terms of resources then its ALOS score should be low.*Criterion 4 - Technicality*: this particular indicator measures the ratio of procedures performed with an efficient technology compared to the same procedures performed with obsolete technology. The higher the percentage is, the more the team is trained in advanced technologies or complex surgeries. Table 1.Evaluations of eight hospitals on activity, Notoriety, ALOS and Technicality.1- Activity2- Notoriety3- ALOS4- TechnicalityHospital 1 (*H*1)200653.585Hospital 2 (*H*2)45060475Hospital 3 (*H*3)450502.555Hospital 4 (*H*4)350503.585Hospital 5 (*H*5)35055275Hospital 6 (*H*6)150652.580Hospital 7 (*H*7)20055255Hospital 8 (*H*8)15060480

Based on its expertise, the DM (a team of some specialists on weight loss surgery) provides the following preferences where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H1 \ P\ H2; \quad H3 \ P\ H4; \quad H5 \ P\ H6; \quad H8 \ P\ H7. \end{aligned}$$\end{document}$$Based on these preferences, he also asks himself the following questions which seem reasonable:Is the criterion Activity more important than the criterion Notoriety?Is the criterion Activity more important than the criterion ALOS?\...

First of all, let us try to model his preferences by an additive model. The four preferences could be representable by an arithmetic mean model, w.r.t. a vector of weights $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \begin{array}{r} H1 \ P\ H2\Rightarrow u_1(200) w_1 + u_2(65) w_2 + u_3(3.5) w_3 + u_4(85) w_4> \\ u_1(450) w_1 + u_2(60) w_2 + u_3(4) w_3 + u_4(75) w_4\\ \\ H3 \ P\ H4\Rightarrow u_1(450) w_1 + u_2(50) w_2 + u_3(2.5) w_3 + u_4(55) w_4> \\ u_1(350) w_1 + u_2(50) w_2 + u_3(3.5) w_3 + u_4(85) w_4\\ \\ H5 \ P\ H6\Rightarrow u_1(350) w_1 + u_2(55) w_2 + u_3(2) w_3 + u_4(75) w_4> \\ u_1(150) w_1 + u_2(65) w_2 + u_3(2.5) w_3 + u_4(80) w_4\\ \\ H8 \ P\ H7\Rightarrow u_1(200) w_1 + u_2(55) w_2 + u_3(2) w_3 + u_4(55) w_4> \\ u_1(150) w_1 + u_2(60) w_2 + u_3(4) w_3 + u_4(80) w_4 \end{array}\right. \end{aligned}$$\end{document}$$It is not difficult to see that the first three equations in this system lead to $\documentclass[12pt]{minimal}
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To prove that these preferences are modeled by a 2-additive Choquet integral, we assume that the marginal utility functions are constructed by using the following monotone normalization formula of the criterion *i*, where $\documentclass[12pt]{minimal}
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These results show that the importance index of Activity is more important than Notoriety when the capacity of the Parameters 1, 4 and 5 are chosen. Conversely the importance index of the criterion Notoriety is more important than Activity for the capacity of Parameters 2 and 3. Hence, based on the preference giving by the Dean, it is not easy to conclude about the importance of the criterion Activity compared to the criterion Notoriety. We have similar conclusions with Activity and ALOS.

To overcome this limits we introduce in the next section the new notion of necessary and possible importance relation among two criteria.

Necessary and Possible Importance of Criteria {#Sec5}
---------------------------------------------
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### Definition 1 {#FPar1}
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Using these definitions, we can conclude that, in our previous example, the criterion Activity is not necessary important than Notoriety. The converse is also true. There exists only a possible importance relation among these two criteria. Now, let us give some sufficient conditions allowing to get the necessary importance relation among two given criteria when the DM expresses his preferences on a set of binary alternatives.

Sufficient Conditions Using the Set of Binary Alternatives {#Sec6}
==========================================================

Preference Information on the Set of Binary Alternatives {#Sec7}
--------------------------------------------------------
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The following remark shows that the use of the binary alternatives can help to the determination of the 2-additive capacity.
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### Example 3 {#FPar13}
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Conclusion {#Sec9}
==========

We introduced the concepts of necessary and possible importance relation among the criteria. These notions allow to have a robust interpretation when the parameters of the 2-additive Choquet integral are inferred from a preference information given by the DM. Of course, in the direct elicitation process, the DM may give directly a preference over the Shapley value of two criteria. In this case, the necessary relation is obviously obtained. The main perspective will be the complete characterization of the necessary and possible importance relations. We provided here some sufficient conditions as a first step of this future work.
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